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In this paper the problem of vibration reduction is considered. Generally, mechanical vibra-
tions occurring during the operation of a system are undesirable and may have a negative 
effect on its reliability. A finite element model of a single active blade is developed using the 
Abaqus software. This structure consists of a multi-layer glass-epoxy composite beam with 
an embedded macro fiber composite (MFC) piezoelectric actuator. For vibration control the 
use of a positive position feedback (PPF) controller is proposed. To include the PPF control-
ler in the Abaqus software, a special subroutine is created. The developed control algorithm 
code makes it possible to solve an additional differential equation by the fourth order Runge-
Kutta method. A numerical dynamic analysis is performed by the implicit procedure. The 
beam responses with and without controller activation are compared. The control subsystem 
model also includes the hysteresis phenomenon of the piezoelectric actuator. Numerical 
findings regarding the PPF controller’s effectiveness are verified experimentally.
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1. Introduction
Composites are modern materials that have taken on an immense 

significance in the 21st century. Although their applications can be 
found everywhere, the most interesting are those in specialized de-
vices. For example, helicopter rotor or wind turbines blades are made 
of composite materials. Rotating elements are subjected to different 
loads, e.g. those induced by variable wind speed [19]. As a result, 
mechanical vibrations of the blades may be produced. Additional os-
cillations may affect the operating condition and reliability of a sys-
tem. High amplitude-resonance vibrations can cause sudden structural 
damage. These undesirable resonance regions can be detected by an 
experimental modal analysis. Such modal research for small aircraft 
is presented in [10]. The smaller oscillations with long-lasting are also 
dangerous, because the fatigue effect can be observed. For example, a 
fatigue problem analysis for a composite wind turbine blade is shown 
in [5]. The reliability of modern systems requires monitoring of vi-
bration level and its reduction under certain conditions. In paper [2] 
has been shown that the vibrations reduction can significantly reduce 
the dynamic loads. The obtained dynamic forces and moments were 
lower when the control was activated. The above arguments confirm 
that the blades dynamics should be controlled to avoid undesirable vi-
brations. The literature review shows a large number of dynamic and 

control studies on such structures. In [18] the results of an experimen-
tal modal analysis for a real main rotor blade were presented. Natural 
frequencies and vibration modes were specified for one blade from 
the IS-2 helicopter. The knowledge of basic dynamic parameters is in-
sufficient to fully evaluate the system dynamics. However, studying a 
helicopter in flight is complicated and expensive. Therefore, scientists 
often study the rotor with blades or single blade models. The scaled 
rotors with 2, 3 or 4 blades were investigated in [17]. The authors of 
the study developed an experimental stand with the most important 
elements of the mechanism included. Consequently, it was possible 
to vary the pitch angle of the blades during rotor rotation. This way 
of modelling made it possible to study the aerodynamic properties of 
the model. In [14] a more simplified model of the helicopter rotor was 
presented. In this model three blades were clamped to the rotor hub. In 
effect, only constant pitch angle setting during hub rotation was pos-
sible. The study evaluated the influence of the centrifugal force in nat-
ural frequencies.  The authors used piezoelectric actuators attached to 
the surface of the composite blades. Although in the aforementioned 
study the actuators were used as excitation generators, they can also 
be used to control vibration. This application for piezoelectric actua-
tors was described in [22]. Special piezoelectric patches were embed-
ded inside the blade structure so that they generated strains in a direc-
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tion deflected  at ±45° to the spanwise axis. For such piezoelectric 
actuator orientation it is possible to obtain the maximum blade torsion 
control. The study has shown the effect of active twist control on vi-
bration and noise reduction. Piezoelectric actuators of this type were 
also tested in other studies. Gawryluk et al. developed a finite element 
model of a blade with a piezoelectric element [7]. The modelling was 
based on previous studies [14] in which static and eigenvalue prob-
lems were considered. New simulations were made in time domain 
using an implicit solver. The role of the MFC actuator was limited to 
that of an excitation  generator. In [6] the role of the MFC actuator was 
extended to vibration control. Experimental and numerical resonance 
characteristics of the system with the proportional controller were 
compared. The results showed significant discrepancies in the loca-
tion of resonance peaks. It was found that the desired control load and 
the actuator load are different. A new approach was proposed, where 
both loads (desired and applied) were related by a first order inertial 
term. The study showed that the correct mapping of system dynamics 
had to consider the properties of a piezoelectric element. In [13] the 
response of a piezoelectric actuator on changing its voltage using step 
or triangular signals was investigated. This type of testing allowed for 
the visualization of main nonlinear properties of PZT elements. The 
results revealed the presence of creep and hysteresis. The authors pro-
posed using the fractional order Maxwell resistive capacitor model for 
modelling these effects. Kedra and Rucka suggested that piezoelectric 
hysteresis could be described using different models, e.g. the Preisach 
model, the Duhem model, the Backlash model, the Prandtl-Ishlinski 
model, the Bouc-Wen model [9]. However, they decided to use the 
Bouc-Wen model and described the methodology for identifying its 
parameters. The Bouc-Wen model and its modifications were em-
ployed in many studies, for example: the identification method of its 
constants from experimental data [4] and investigation of the asym-
metry aspect of the hysteresis characteristic [12]. In paper [15] it was 
shown that the discrepancy between desired control load and piezo-
electric patch load may result not only from the actuator’s properties 
but also from the properties of its amplifier. In a mathematical model, 
the Bouc-Wen hysteresis model and the first order inertial term were 
applied. Results showed that hysteresis may affect the effectiveness of 
a selected control algorithm. For a rotating cantilever beam, different 
controllers can be used. In [8] macro fiber composite actuators and 
sensors were used for vibration control in a rotating blade. Vibration 
reduction was ensured via the use of a positive position feedback con-
troller. Obtained characteristics indicated the possibility of vibration 
control in a specific frequency range. Generally, a single PPF control-
ler can be used to control one vibration mode. However, the use of 
several PPF controllers simultaneously leads to multimodal vibration 
suppression [11]. This kind of controller outside the zone of favor-
able control can generate unwanted vibration. This can be avoided 
by selecting optimal controller parameters, as shown in [3]. It is also 
possible to use other control algorithms. Vadiraja and Sahasrabudhe 
applied the optimal linear quadratic Gaussian controller to vibration 
control of rotating thin-walled beams [21]. Optimal control load de-
pends on the estimated state and control gain obtained from the Ric-
cati equation. Generally, the procedure for voltage determination is 
more complex than that for PPF control. For the purpose of this study, 
PPF control was selected, owing to the simplicity of the algorithm and 
the possibility of combining optimal single controllers to reduce many 
vibration resonances.

This paper is a continuation of the research on the development of 
an active rotor blade. Results of previous studies were published in 
a series of research papers [6, 7, 14]. However, these studies did not 
consider the influence of MFC actuator hysteresis on vibration con-
trol efficiency. In the finite element analysis described in this paper, 
two dependencies on the desired load and that generated by a piezo-
electric actuator are compared. The first order inertial term and the 
Bouc-Wen model are used. The consideration of these factors requires 
the creation of an appropriate subroutine for subsequent integration 
steps, using the Abaqus software. The first attempts were made with 

the use of Euler’s method [6]. In this study, the fourth order Runge-
Kutta method is applied because Euler’s method was found to be 
unsatisfactory. The numerical analysis has shown that hysteresis can 
affect the PPF controller’s efficiency. In addition, the trends obtained 
numerically were experimentally verified. This paper consists of the 
following sections: FE model of an active beam, numerical results, 
experimental findings, and conclusions. 

2. FE model of an active beam
In this study a simplified model is considered, with one blade tak-

en from the rotor and mounted on an electrodynamic shaker TIRA 
GmbH TV501-01. The applied experimental setup is shown in Fig-
ure 1. The composite beam was made of unidirectional glass-epoxy 
prepreg TVR380M12/26%R-Glass using autoclave technique. The 
structure had six layers with the fiber orientation [±45/90]S. The beam 
geometry was described by a total length of 350 mm (beam length 
after clamping was 316 mm), a width of 34 mm, and a thickness of 
1.8 mm. More details about, e.g. strength parameters, can be found in 
[14]. Vibration of the composite beam was generated with a shaker. 
To control the beam vibration level, an actuator and a sensor were ap-
plied. Owing to its high flexibility, the macro fiber composite actuator 
was used to this end. This is a special type of actuator produced by 
Smart Materials Corp.,  wherein the piezoelectric material fibers are 
embedded in the resin and between the electrodes. With an appropri-
ate configuration of the electrodes, it is possible to obtain the d31 or 
d33 effect [20]. Since higher efficiency can be obtained using an actua-
tor with the d33 piezoelectric effect, such MFC element (M-8528-P1) 
was used. The symbol 8528 defines an active area of the actuator. It 
is a rectangle with the sides 85 mm and 28 mm. The MFC patch was 
attached near the clamp, and the distance between the handle and the 
beginning of the active area was about 16 mm. This location was se-
lected based on the recommendation for cantilever structures given in 
[16]. Real-time control requires the use of a controller. The proposed 
device is based on a digital signal processor (DSP). The desired con-
trol algorithm can be defined in a DSP controller code. Generally, the 
controller output has an electric signal with a maximum voltage of 
about ±10 volts. The MFC actuator must,  however, be powered with 
high voltage. The d33 actuators can be supplied with a voltage ranging 
from 500  V to 1500 V.  Therefore, a high voltage amplifier was used. 
In this way, the voltage from the controller could be increased by two 
hundred times.

For the proposed system, a finite element model was developed 
in the Abaqus software. Based on previous research [7], the compos-
ite beam was modelled using SC8R continuum shell elements and 
the layup-ply technique was used to make its individual layers. The 
piezoelectric actuator was modelled using C3D20RE solid elements 
that are associated with piezoelectricity properties. Generally, the 
MFC actuator has a very complex structure. A simplified description 
of the piezoelectric element was applied. For example, instead of real 
many pairs of electrodes, the model had only one such pair. Basic as-
sumptions of the simplifications applied were presented in [7], while 
the reduced parameters of the MFC model were taken from [6].  Both 
parts – the beam and the actuator, were connected by TIE interactions 
[1]. Kinematic excitation was generated using mechanical boundary 
conditions. The points on one end of the beam could only move verti-
cally by the function:

 z z tshaker = 0 sinω  (1)

where 0z , ω  are the amplitude and the frequency of excitation, re-
spectively. 

The DSP controller modelling required the use of an UAMP sub-
routine. Figure 2 shows the diagram illustrating the relationship be-
tween the subroutine object and the rest of the model. Displacement 
of a selected beam point was used as an input. The developed own 
code was used to calculate a subroutine output. The output was a volt-
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age for powering the piezoelectric actuator. This signal was assigned 
the properties of electrical boundary condition of the MFC element. 
In this study, the basic code version describes the positive position 
feedback control. This is a so-called ideal control case where the de-
sired and realized MFC voltages are proportional. Code modifications 
took into account additional first-order differential equations. These 
equations describe specified properties of the actuator. Consequently, 
the desired and the realized voltage can be different because the hys-
teresis phenomenon is included.  More details are provided in the next 
section of this paper, where selected simulation results are presented.

3. Numerical results
This section presents selected results of the numerical simulations. 

In the numerical calculations, the kinematic excitation (1) with an am-
plitude of 0 1 mmz =  was applied. The frequency was changed from 
7.5 to 10.5 Hz. It was the first bending resonance zone. Obtained time 

series were used to determine the characteristics of amplitude vibra-
tion via excitation frequency. Vertical displacement of two points on 
the beam, beamz  , was measured. The first point corresponded to the 
sensor location (x=60 mm). A signal from this point was necessary 
for vibration control and we called it Abaqus sensor signal. The free 
end of the beam (x=316 mm) was the other point. By knowing its 
displacement it is possible to determine maximum beam vibration. 
The absolute vertical displacement beamz  and the shaker armature 
motion shakerz  were used to determine beam deflection, its relative 
motion w  being:

 shakerbeamw z z= −   (2)

Obtained results were divided into three cases: for a system without 
control, for a system with ideal control, and for a system with non-
ideal control.

3.1. System dynamics without control
This subsection is devoted to an analysis of the dynamics of a sys-

tem without control. In this case, the controller was deactivated. Beam 
vibration was induced in two ways. In the first variant, beam motion 
was excited kinematically by an electrodynamic shaker. In the other 
variant, the embedded MFC actuator served as a generator of beam 
vibration. A comparison of the obtained resonance curves is shown in 
Figure 3. It can be observed that the excitation from the shaker with 
an amplitude of 0 1 mmz =  produced a low-amplitude vibration of 
the beam. Curves similar to those obtained for a linear oscillator can 
be observed (Fig. 3a). The observed maximum vibration amplitude is 
about 14% of the beam length. For the first bending mode, the reso-
nance frequency is 0 57.8 rad/sω ≈  (9.2 Hz). 

In the second tested variant, the beam vibration was only induced by 
the MFC actuator. The voltage on its electrodes, MFCU  , was changed 
periodically with an amplitude of 500 V. The results demonstrate that 
it is possible to obtain the maximum vibration of about 55 mm. This 
is very good information because it means that the piezoelectric actua-
tor has enough power to suppress beam vibration. This assumption is 
based on the fact that the maximum amplitude in the second variant 
(Fig. 3b) is higher than in the first variant (Fig. 3a). Therefore, the 
MFC patch load can be higher than the impact of kinematic excitation 
and can thus effectively suppress beam vibration.

3.2. System dynamics with ideal control
The selected control algorithm was tested via numerical simula-

tions. Previous studies indicate that for cantilever beams, positive 
position feedback control is recommended [11]. The practical imple-
mentation of this type of control requires writing differential equation 
in the DSP controller code. This control equation has the following 
form:

  U U nU wcontrol control control control sensor+ + =ω γ2
12   (3)

Fig. 1. Scheme of the experimental setup (a) and images of an active beam 
(b) and a control subsystem (c)1- electrodynamic shaker TIRA GmbH 
TV501-01, 2- composite beam, 3- MFC M-8528-P1 patch, 4- strain 
gauge control sensor, 5- accelerometer Piezotronics PCB352A24 for 
shaker control, 6- additional accelerometer Piezotronics PCB352A24, 
7- DSP controller, 8- High Voltage Amplifier Smart Materials 
HVA1500/50-4, 9- external D/A signal converter.

b)

a)

c)

Fig. 2. Scheme of the control concept in Abaqus
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where controlU  is the calculated control signal, ωcontrol  and n are the 
control parameters, and sensorw , γ1 are the signal from the sensor and 
input gain, respectively. Based on the desired control signal, the volt-
age applied to the MFC element MFCU  is calculated as:

 U UMFC control= γ 2  (4)

where the gain γ 2  includes high voltage amplifier gain and control 
gain. It is assumed that γ 2 1000= . It is an idealized control method 
where both signals MFCU  and controlU  are proportional (Fig. 4). In 
a real system there may occur many additional factors that are not 
considered in this description. 

For the controller in question, a subroutine code was developed. 
The starting point for developing this code was a study [6], where the 
codes were written for the P and PD controllers with the first order 
inertial term. For integration, the Euler’s method was used. The first 
attempts to program the PPF controller were made by this method. 
However, the Euler’s method did not yield satisfactory results. There-
fore, a more complicated notation with the fourth order Runge-Kutta 
method was employed. The index i is used in the code. This parameter 
provides information about a moment in time, where i is the consid-
ered time, i-1 is the previous moment ( 1i it t t− = − ∆ ).

An own code based on the following dependencies was written in 
the UAMP subroutine: 

 

 1 , 1control iK V −=

 
M U nV wcontrol control i control i sensor i1

2
1 1 1 12= − − +− − −ω γ, , ,

 
2 , 1 1

1
2control iK V tM−= + ∆

M U tK n V tcontrol control i control i2
2

1 1 1
1
2

2 1
2

= − +





 − +− −ω , ,∆ ∆ MM wsensor i1 1 1







 + −γ ,

 
3 , 1 2

1
2control iK V tM−= + ∆

M U tK n V tcontrol control i control i3
2

1 2 1
1
2

2 1
2

= − +





 − +− −ω , ,∆ ∆ MM wsensor i2 1 1







 + −γ ,

 4 , 1 3control iK V tM−= + ∆

M U tK n V tM wcontrol control i control i4
2

1 3 1 3 12= − +( ) − +( ) +− −ω γ, ,∆ ∆ ssensor i, −1

 
( ), , 1 1 2 3 42 2

6control i control i
tU U K K K K−

∆
= + + + +

 
( ), , 1 1 2 3 42 2

6control i control i
tV V M M M M−

∆
= + + + +

 U UMFC i control i, ,= γ 2  (5a-5k)

where the symbol Vcontrol in the code is equivalent to controlU , be-
cause leaving the dots could be ambiguous. The designations K1, K2, 
K3, K4 and M1, M2, M3, M4 define the indirect calculations in the RK4 
algorithm. They are employed to calculate state variables in a new 
iteration. Ki and Mi are used to calculate Ucontrol, Vcontrol respectively.

The above procedures (5a-5k) are the same as the code that should 
be written in the DSP controller. The simulations were performed for 
the following PPF control parameters: γ1 50000= − s 2 , γ 2 1000= , 
ωcontrol = 58 12.  rad/s , 2 rad/sn = . The controller natural frequen-
cy ωcontrol  is related to the so-called dynamic vibration elimina-
tion point. The absence of damping (n=0) and the excitation fre-
quency equal to ω ω= control  ensure that there is no beam vibration 
(w=0). However, the maximum reduction in vibration at one point  
(ω ω= control ) results in an undesired increase in the resonances am-
plitudes of the system with control. In practice, a compromise has to 
be found. This can be done by selecting an appropriate value of the 
controller damping n. A comparison of the resonance curves for the 
system without and with control is shown in Figure 5. The results 
indicate the possibility of a significant reduction of beam vibration 
in the resonance zone. An approximately 60% reduction in the maxi-
mum beam vibration is observed. This significant decrease in beam 
vibration is accompanied by a slight increase in the vibration outside 

Fig. 3. Resonance characteristics of the systems without control and with ex-
citation from: shaker (a) and MFC element (b)

b)

a)

Fig. 4. Control signal versus supply voltage of the MFC patch
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the resonance zone, for the excitation frequency higher than 9.6 Hz or 
lower than 8.9 Hz. 

Fig. 5. Comparison of the resonance curves for a system without and with 
ideal control, and the results of: Abaqus sensor signal (a), free end 
response (b)

Fig. 6. Resonance curves of the voltage supplied to the MFC actuator

In the simulations, the voltage from the electrical boundary condi-
tion MFCU  was also measured. As a result, it was possible to deter-
mine the extent of the MFC actuator’s capability. Generally, the volt-
age MFCU  can range from −500 V to 1500 V. For the selected control 
algorithm, a symmetric voltage range from −500 V to 500 V is useful. 
In this study only 45% of this range was used (Fig. 6).

3.3. System dynamics with non-ideal control
In a real control system many additional effects may occur, for 

example hysteresis. Therefore, the description of the control process 
was extended. Based on previous studies [6, 15], two variants of mod-
ification were introduced. In the first variant, the first- order inertial 
term was added:

 
 U U nU wcontrol control control control sensor+ + =ω γ2

12  (6a)

 τ γU U UMFC MFC control+ = 2  (6b)

where τ is the time constant.

In [6] it was argued that Equation (6b) could be used to describe 
some global properties of a control subsystem. It can be assumed 
that this may result from, for example, the characteristics of a high-
voltage amplifier. On the other hand, in [15] the nonlinear properties 
of a piezoelectric actuator were emphasized. One way of modelling 
piezoelectric hysteresis is via using the Bouc-Wen model. In the other 
variant, the following model was used:

  U U nU wcontrol control control control sensor+ + =ω γ2
12  (7a)

 


  z U z U U zcontrol control control= − −α β δ  (7b)

 U U zMFC control= −γ λ2  (7c)

In both of these modifications hysteresis loops can be obtained. 
Examples of the shapes (Fig. 7) were simulated from (6b) and (7b-c), 
for the following parameters: ( )0.5sin 2controlU ftπ= , 8 Hzf = , 

2 1000γ = , 0.0215  sτ = , 0.2075λ = , 471.4α = , 12.38 Vβ −= , 
10.0326 Vδ −= . In the first mechanism based on Equation (6b), an 

ellipse-shaped loop can be observed (Fig. 7a). In this case the loop 
size only depends on the time constant τ .  In the Bouc-Wen model 
however, a more complex shape can be obtained (Fig. 7b). In Equa-
tion (7c) there are three parameters: α β δ, , , which can change the 
loop shape. The loop size can be changed by applying a new value of 
the λ  parameter in Equation (7c). 

The curves of MFCU  versus controlU  are different than those ob-
tained for ideal control (Fig. 4). An analysis of a system with hyster-
esis was called as a test with non-ideal control. To perform this test, 
the UAMP subroutine code had to be modified. 

For the first variant, Equations (6a-b), the UAMP subroutine code 
includes the following dependencies:

 1 , 1control iK V −=

 
M U nV wcontrol control i control i sensor i1

2
1 1 1 12= − − +− − −ω γ, , ,

 
N U UMFC i control i1 1 2 1

1
= − +( )− −τ

γ, ,

 
2 , 1 1

1
2control iK V tM−= + ∆

M U tK n V tcontrol control i control i2
2

1 1 1
1
2

2 1
2

= − +





 − +− −ω , ,∆ ∆ MM wsensor i1 1 1







 + −γ ,

 
N U tN U tKMFC i control i2 1 1 2 1 1

1 1
2

1
2

= − +





 + +









− −τ

γ, ,∆ ∆

 
3 , 1 2

1
2control iK V tM−= + ∆

b)

a)
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M U tK n V tcontrol control i control i3
2

1 2 1
1
2

2 1
2

= − +





 − +− −ω , ,∆ ∆ MM wsensor i2 1 1







 + −γ ,

 
N U tN U tKMFC i control i3 1 2 2 1 2

1 1
2

1
2

= − +





 + +









− −τ

γ, ,∆ ∆

 
K V tMcontrol i4 1 3= +−, ∆

M U tK n V tM wcontrol control i control i4
2

1 3 1 3 12= − +( ) − +( ) +− −ω γ, ,∆ ∆ ssensor i, −1

 
N U tN U tKMFC i control i4 1 3 2 1 3

1
= − +( ) + +( )− −τ

γ, ,∆ ∆

 
( ), , 1 1 2 3 42 2

6control i control i
tU U K K K K−

∆
= + + + +

 
( ), , 1 1 2 3 42 2

6control i control i
tV V M M M M−

∆
= + + + +

 ( ), , 1 1 2 3 42 2
6MFC i MFC i
tU U N N N N−

∆
= + + + +  (8a-8o)

For the second tested variant, Equations (7a-c), the UAMP subrou-
tine code includes other dependencies:

 1 , 1control iK V −=  

 M U nV wcontrol control i control i sensor i1
2

1 1 1 12= − − +− − −ω γ, , ,

 N V z V V zcontrol i i control i control i i1 1 1 1 1 1= − −− − − − −α β δ, , ,

 2 , 1 1
1
2control iK V tM−= + ∆

 M U tK n V tcontrol control i control i2
2

1 1 1
1
2

2 1
2

= − +





 − +− −ω , ,∆ ∆ MM wsensor i1 1 1







 + −γ ,

N V tM z tN Vcontrol i i control i2 1 1 1 1
1
2

1
2

= +





 − +






− −α β, ,∆ ∆ −− − −+ − +






 +1 1 1 1 1 1

1
2

1
2

1
2

∆ ∆ ∆tM V tM z tNcontrol i iδ ,

 
3 , 1 2

1
2control iK V tM−= + ∆

 
M U tK n V tcontrol control i control i3

2
1 2 1

1
2

2 1
2

= − +





 − +− −ω , ,∆ ∆ MM wsensor i2 1 1







 + −γ ,

N V tM z tN Vcontrol i i control i3 1 2 1 2
1
2

1
2

= +





 − +






− −α β, ,∆ ∆ −− − −+ − +






 +1 2 1 2 1 2

1
2

1
2

1
2

∆ ∆ ∆tM V tM z tNcontrol i iδ ,
 

 4 , 1 3control iK V tM−= + ∆

 M U tK n V tM wcontrol control i control i4
2

1 3 1 3 12= − +( ) − +( ) +− −ω γ, ,∆ ∆ ssensor i, −1

N V tM z tN V tM Vcontrol i i control i co4 1 3 1 3 1 3= +( ) − +( ) + −− − −α β δ, ,∆ ∆ ∆ nntrol i itM z tN, − −+( ) +1 3 1 3∆ ∆

 
( ), , 1 1 2 3 42 2

6control i control i
tU U K K K K−

∆
= + + + +

 

 
( ), , 1 1 2 3 42 2

6control i control i
tV V M M M M−

∆
= + + + +

 

 
( )1 1 2 3 42 2

6i i
tz z N N N N−

∆
= + + + +

 
 U U zMFC i control i i, ,= −γ λ2  (9a-9p)

Additional designations of the indirect calculations N1, N2, N3, N4 
are given in Equations (8) and (9). They are used to calculate new 
state variable from the hysteresis differential equation.  

Simulations of the non-ideal control system were performed for 
the following PPF control parameters: 2

1 50000 sγ −= , 2 1000γ = , 
0 58.12 rad/sω = , 2 rad/sn =  and two sets of hysteresis parameters. 

For the model with the first-order inertial term, the values 0.005  sτ =  
and 0.0215  sτ =  were applied. In the Bouc-Wen model, the only 
changed values were: 0.2075λ =  and 0.6225λ = . Other parameters 
were constant, i.e. 471.4,α =  12.38 V ,β −=  10.0326 V .δ −=  

A comparison of the resonance curves for a system without control 
and with the first variant of non-ideal control is presented in Figure 8. 
For a small time constant value of 0.005  sτ = , the characteristic is 
similar to that obtained for the ideal control system (τ = 0 s). Neverthe-
less, some differences can be observed. The most significant change 
induced by the presence of the first-order inertial term is the change in 
the height of amplitude peaks. The first peak is smaller and the second 
peak is larger, compared to the system with ideal control. A continu-
ation of this trend is observed for a larger value of the time constant, 
i.e. 0.0215  sτ = . Now, the first peak is much smaller (and thus can-
not be detected) while the second peak is considerably higher. Based 
on the data, it can be concluded that an increase in the time constant 
τ  significantly changes the beam dynamics. As a result, the control 
efficiency is reduced. 

A similar analysis was performed for the second tested variant of 
non-ideal control (Fig. 9). For the low Bouc-Wen hysteresis param-
eter 0.2075λ = , the characteristics are similar to those obtained for 
the ideal control system (λ=0). A comparison of the resonance peaks 
reveals that the Bouc-Wen model has a lower first peak and a higher 
second peak than is the case with the ideal control system. The ap-
plication of the larger value 0.6225λ =  changes the amplitude peak 
height. The first peak cannot be detected and the second peak is much 
higher. Based on the data, it can be concluded that increase in λ  re-
sults in lower control efficiency.  

The results obtained for the two tested non-ideal control variants 
indicate similar trends. Generally, the shapes of hysteresis loops are 
different for the model with the inertial term and the Bouc-Wen mod-
el. However, both approaches induce the same qualitative changes, 

Fig. 7. Comparison of two hysteresis mechanisms. (a) first order inertial term, 
(b) Bouc-Wen model

b)

a)
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i.e. the disappearance of the first resonance peak and the increase in 
the second one. 

Interesting observations can be made regarding the voltage curves 
of the MFC actuator (Fig. 10). For the model with the first-order in-
ertial term and τ > 0 s, the maximum voltage values are similar (Fig. 
10a), but the widths of the resonance peaks are visibly different. In 

Figure 10b these relationships are reversed. The widths of the peaks 
for λ > 0 are similar but their maximum amplitudes differ to a signifi-
cant extent.  

Fig. 8. Comparison of the resonance curves for a system without control and with the first variant of non-ideal control, and the results of: Abaqus sensor signal (a), 
free end response (b)

b)

b)

a)

a)

Fig. 9. Comparison of the resonance curves for a system without control and with the second variant of non-ideal control, and the results of: Abaqus sensor signal 
(a), free end response (b)

b)

Fig. 10. Comparison of the curves showing the voltage supplied to the MFC actuator for the first variant of non-linear control (a) and the second variant of non-
linear control (b)

a)

b)a)
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4. Experimental findings
In previous sections were presented the research object and its fi-

nite element model (Section 2) and numerical analysis results (Sec-
tion 3). This section presents some experimental details and obtained 
experimental data which were used to verify the numerical results. 
To compare numerical and experimental results, both the numerical 
analysis and the experiment must be performed under the same condi-
tions. This section describes two problems that occurred during the 
experiment and how they were resolved. One of the key elements of 
the test stand is a DSP controller (see Figure 1). Signals from the 
sensor and to the high voltage amplifier are analogue. However, op-
erations performed by the processor are based on digital signals. Con-
sequently, the conversion from analogue to digital signal, and vice 
versa, is necessary. The first problem occurred already at the stage of 
writing the code in the DSP controller. Generally, the DSP controller 
code was based on Equations 5a-k, but the value gains γ1, γ2 had to 
be appropriately recalculated. This was due to the fact that in the FE 
model, the γ1 parameter also included the gain of the high voltage 
amplifier and the influence of the A/D and D/A converters had to be 
taken into account, too. In effect, the gains used in the DSP controller 
code were calculated from the following dependencies:

 γ γ1 50000= −A D   (10a)

 γ
γ

2
1000

200
= −D A   (10b)

where the values 50000, 1000, 200 are γ1, γ2 used in the FE model 
and high voltage amplifier gain, whereas γA-D, γD-A are the gains of 
the converters: from analogue to digital and from digital to analogue, 
respectively. The values of these gains depend on the type of applied 
converters. Based on the specifications of both converters, the values 
of γA-D and γD-A were assumed to be 0.00030525 and 6553, respec-
tively. The controller configuration was checked for correct operation 
in two steps. An analysis of the controller equation (3) revealed that 
for the signals wsensor=0 or wsensor=0.1sin(58.12t), free or forced vibra-
tions of a single linear oscillator should be obtained. The expected vi-
bration amplitudes of such oscillator can easily be determined from the 
vibration theory for linear systems.  In the first step, free vibration of 
the controller was observed. The following parameters were applied:  
γ1=0 s-2 (instead of wsensor=0), n=0 rad/s, ωcontrol =58.12 rad/s, γ2=5γD-A , 
and the controller initial conditions were Ucontrol=0.1 V, Vcontrol=0 V/s. 
For a well-selected parameter γD-A at the controller output (be-
fore the high voltage amplifier), free undamped vibration with an 
amplitude of 0.5 V should be observed. The parameters used in 
the second step were as follows:  γ1=500γA-D, γ2=5γD-A, n=2 rad/s,  

ωcontrol=58.12 rad/s, wsensor=0.1sin(58.12t) (signal from the signal 
generator), and the controller initial conditions were Ucontrol=0 V, 
Vcontrol=0 V/s. For this case, with a well-selected parameter γA-D forced 
vibration with an amplitude of about 1.0754 V should be observed. 
Results of both tests of the PPF controller are shown in Figure 11. In 
the first case (Fig. 11a), the controller response is in accordance with 
the assumptions, i.e. one can observe periodic oscillations with an 
amplitude of 0.5 V. In the other case, the obtained response is simi-
lar to the expected one (Fig. 11b). The small observed discrepancy 
may result from the precision of the applied signal generator. The ex-
perimental results confirm that the controller operates properly. The 
presented time series confirm that the gains γA-D and γD-A describing 
signal conversion must be taken into account, because it is the only 
way to obtain the desired controller response. 

In the numerical tests, a relative displacement of the selected point 
(x =60 mm) was used for control, which we called an Abaqus sen-
sor signal. The second problem in the experiments was related to 
direct determination of this relative displacement. The experimental 
setup consisted of three sensors: two accelerometers and one strain 
gauge. One accelerometer was fixed to the shaker armature to pro-
vide information about excitation. It was used for shaker control. 
The other accelerometer and the strain gauge were fixed to the beam 
at a distance of x =60 mm from the clamping. This location was the 
same as that of the Abaqus sensor signal. Both sensors measured the 
beam’s response, with the accelerometer measuring absolute motion 
while the strain gauge measured relative motion. Double integration 
of the difference between signals from the accelerometers makes it 
possible to determine the amplitude of beam relative motion wsensor. 
However, this approach is useless for real-time control. The use of 
the strain gauge as a controller input is more convenient. In this case, 
strain should be converted into displacement. The proposed simple 
conversion method involves comparing resonance curves from both 
beam sensors (strain gauge and accelerometer). Figure 12 shows the 
resonance characteristics for the system without control, where the 
beam vibration describes the deformation ε  from the strain gauge 
(Fig. 12a) or relative displacement calculated from the accelerom-
eter signals wsensor (Fig. 12b). The black curves are similar, but the 
values of the vertical axis are approximately scaled by the constant  
wsensor/ε≈0.0075 m/V. Finally, the signal from the strain gauge was 
used as a controller input (ε instead of wsensor) in the controller ef-
ficiency tests. As a result, one of the controller gains (10a) had to 
include this change and thus be modified to the form:

 γ γ γ1 0 0075 50000 375= ⋅ =− −. A D A D  (11)

A new gain value γ1 allows a proportional conversion of strain into 
data about displacement. Finally, the numerical and experimental re-

Fig. 11. PPF controller tests. Obtained controller responses: free vibration (a) and forced vibration (b)

b)a)
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sults can be compared because the DSP controller calculations are 
based on the converted displacement.

Following the controller correction, dynamic tests with active con-
trol were performed. Figure 12 presents the comparison of experimen-
tal curves for a system with and without control.

The experimental characteristics (Figs. 12 and 13) were then com-
pared with the numerical results: ideal control (Figs. 5a and 6), non-
ideal control with the first order inertial term (Figs. 8a and 10a), and 
non-ideal control with Bouc-Wen hysteresis (Figs. 9a and 10b). The 
values of the characteristic points are listed in Table 1.  Some im-
portant trends can be observed based on the data in this table. All 
curves have similar maximum amplitudes in the first resonance zone. 
At the dynamic elimination point, the vibration amplitudes are the 
same for ideal control and non-ideal control with a time constant. On 
the other hand, the amplitude for the model with Bouc-Wen hysteresis 
is closer to that obtained experimentally. As for the second resonance, 

the vibration amplitude levels for systems with hysteresis are higher 
than for ideal control and are lower than the experimental data. The 
maximum voltages are different, too. The lowest value is obtained for 
the system with Bouc-Wen hysteresis. The maximum voltage yielded 
by the first hysteresis model ( 0.005 sτ = ) is similar to that obtained 
experimentally.

All numerical conditions were reproduced in the experiments with 
due diligence. The experimental results confirm the existence of some 
discrepancies in relation to the model with ideal control. The numeri-
cal models with the proposed descriptions of the hysteresis effect 
make it possible to correct the responses obtained in order to make 
them closer to the experimental results. However, the comparison of 
the characteristics does not give a clear answer as to which hysteresis 
model describes the occurring phenomena better. Real objects can be 
characterized by additional factors which are not taken into account in 
numerical models, e.g. small time delays. This can render a complete 
fit of experimental and numerical data difficult, if not impossible.

5. Conclusions
Long-lasting vibrations are undesirable as they can affect rotor reli-

ability. It is therefore of interest to investigate ways by which vibra-
tion could be reduced.  A comparison of the curves with and without 
control reveals a significant vibration reduction after controller acti-
vation. It should minimize a negative vibration effect on the system’s 
reliability. However, a large number of existing studies in the broader 
literature have only examined the problem of ideal control (without 
hysteresis, time delays, etc.). This paper described two variants of the 
hysteresis effect affecting the effectiveness of vibration control. The 
systems with ideal and non-ideal control were compared using the 
Abaqus software. The novelty of the finite element model developed 
in this study consisted of writing our own UAMP subroutine codes. 
The results demonstrated that hysteresis could reduce the PPF con-
troller effectiveness. The use of this controller increased the number 
of resonance zones because it considered an additional equation of 
motion (3). The most significant negative changes were mainly re-
lated to the second resonance peak (Figs. 8-9). For larger values of 

Fig. 12. Comparison of resonance curves obtained in the measurements made using: strain gauge ε (a) and accelerometers wsensors (b)

b)a)

Fig. 13. Experimental resonance curves of voltage supplied to the MFC ac-
tuator

Table 1. Comparison of PPF control efficiency results from different numerical models and the experiment

Amplitude from resonance 
curve x=60 mm Ideal control (3)

Non-ideal control (6)  
0.005 sτ =

Non-ideal control (7)  
0.2075λ =

Experiment

First resonance peak (mm) 1.222 1.114 1.2 1.217

Dynamic vibration elimination  
ω/ωcontrol=1 (mm) 1.032 1.032 1.16 1.206

Second resonance peak (mm) 1.21 1.41 1.34 1.782

Maximum voltage (V) 220 245 208 257.9
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the time constant τ  or the parameter λ , a larger hysteresis loop was 
obtained but the controller effectiveness was reduced. Therefore, a 
larger hysteresis was found to be undesired. Although the vibration 
characteristics showed similar quality trends for both hysteresis vari-
ants under analysis, the obtained different shapes of voltage curves 
(Fig. 10) suggested different hysteresis mechanisms. Experimental 
tests were thus performed to investigate that problem. The experimen-
tal findings confirmed that the real system dynamics differed from 
the idealized case. The proposed inclusion of hysteresis enhanced the 
agreement between numerical and experimental results. The influence 
of hysteresis on the control efficiency was confirmed, but the study 
did not make it possible to unanimously determine which of the two 
descriptions was better to that end – the first order inertial term or 

the Bouc-Wen model. Based on the results, it can be concluded that 
the hysteresis effect should be taken into account when modelling 
piezoelectric actuators.  In this study only one selected control meth-
od (PPF) was investigated. This research is planned to be continued 
because the knowledge about the sensitivity of different algorithms to 
hysteresis is of vital importance. Future research should investigate 
how hysteresis can change the effectiveness of various controllers and 
which of these controllers require hysteresis compensation.
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